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ABSTRACT 

Mumford has studied the generalized Jacobian variety of a singular, irre- 

ducible curve in section 5 of his book (1984). It is determined by a period 

matrix which is a symmetric matrix whose diagonal is zero. The problem 

to determine systems of equations for the period matrices of totally de- 

generate curves is the analogue of the Schottky problem. An essentially 

complete solution is given. 

I n t r o d u c t i o n  

In this article an equation is derived which describes the locus of period matrices 

of stable totally degenerate curves of genus 4 whose intersection graph is simple. 

The equation is given by a polynomial F in the entries qij of a symmetric 4 x 4 

matrix whose diagonal is zero. 

This result allows one to deduce systems of equations for the periods of totally 

degenerate, irreducible curves of genus > 5. 

One can specialize F to obtain an equation F ~ = 0 describing the periods of 

totally degenerate, hyperelliptic curves of genus 3. 

The irreducibility of Schottky's divisor in the space A4 of principally polarized 

abelian varieties of genus 4 which is the locus of a modular form J was proved 

by Igusa, see [ I ]. In order to see how the function F can be obtained from J one 

has to degenerate J in some well-chosen toroidal compactification of A4. The 

induction procedure in [vG] seems to degenerate to the simple one described in 

Section 5. 
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In Section 1 the algebraic torus Qg of totally degenerate symmetric g x g 

matrices is introduced. 

In Section 2 the period map perg : B~g ~ Qg from the moduli scheme B~g 
of 2g-marked, stable trees of projective lines whose intersection graph has simple 

periods into Qa is defined. The image Pg is the scheme of periods of totally 

degenerate curves, see [M], §5. 

The equation F ~ = 0 for hyperelliptic 3 x 3 matrices is computed in Section 

3. In Section 4 the equation F = 0 describing P4 in Q4 is deduced. In Section 5 

equations defining Pg in the open subscheme {qq ~ 1} of Qg are given for g > 5. 

1. T h e  T o r u s  o f  T o t a l l y  D e g e n e r a t e ,  S y m m e t r i c  M a t r i c e s  

1. Let M be a free Z-module and let q be a symbol for a system of variables. 

Denote by Z[q, M] the group ring of M over Z for which the monomial in Z[q, 21//] 

associated to m E M is denoted by qm. 

Any f E Z[q, 3//] is given by an expression f = Em~vc,,q" where v is a finite 

subset of M and cra E Z for all ra. Let Xm : Z[q, M] ~ Z be the 7.-linear map 

which sends q,n' onto 
l : m t = m ,  

~rarn' := 0 : m' ~ m. 

Then f = ~arnf iMXrn( f )"  q,n for any f E Z[q, M]. It is called the expansion of f 

relative to the monomials (or characters) in Z[q, M]. 

The support supp(f) of f is defined to be {m E M : x~(f) ~ 0}. It is 

a finite subset of M. Let r/ : M ~ Z be alinear form on M, r/ ~ 0, and 

f E Z [ q , M ] ,  f ~ O .  

Definition: d e g J  := sup{r/(m) : m E suppf} is called the degree of f relative 

to T/. (~(f) := E X~(f)" qm where the summation is over all m E suppf for 

which r/(ra) = deg~f is called the leading term of f relative to r/. 

One gets the following rules: 

deg~f • f '  = degof + deg~f', 

( , ( f .  f ' )  = (~(f) • (~(f'). 

Proo~ Both follow readily from the obvious formula 

xm(f " f') = ~ Xr,(f)Xn'(f'). II 
n..)t. ,ll.t ..~. m 
n , n ' E M  
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The group of units Z[q, MI* of Z[q, M] are those functions f ~ 0 for which 

supp(f) consists of just one element m such that xm( f )  e {+1,-1};  f = ±qm. 

De~qnition: h t J  := deg~f - deg(_~)f is called the height of f relative to 7}. 

Obviously h%(±q'~f) = ht~f and ht~( f f ' )  = ht~f + ht~f'. 

The convex hull of supp(f) in R ® M is denoted by conv(f). 

2. Let N = Ng be a free abelian group of rank g, g _> 2, and e l , . . . ,  e# a base of 

N~. Then the quotient 

g 

= #, ®sym #.I 
i= l  

of the symmetric tensor product of N~ with itself by the subgroup generated by 

2 = eg • e~ is also a free abelian group. Its rank is the squares e~ = ez • ez , . . . ,  e~ 

Let O~ := SpecZ[q, N~]. It is considered as an algebraic toms over Z. It 

is canonically isomorphic to G(~ ) where Gm denotes the multiplicative group 

scheme over Z given through the characters qij = q~ej I <_ i < j ~_ g. 

Let k be a field. A k-valued point v of Q~ is a symmetric g × g matrix with 

entries in k,v = (vq), such that vii = 0 for all i and vii E k* = k - {0} for all 

iT~j. 

A matrix with these properties is called a totally degenerate ,  symmetr ic  

matr ix  over k. Q9 is called the torus  of  total ly degenerate ,  symmetr ic  

g × g matrices.  

3. Let P~ be the group of all automorphlsms 7 : Ng --* Ng that map the set 

{±e l , . . . ,  ±eg } onto itself. Fg is the group of all proper and improper movements 

of the standard g-dimensional cube {x 6 R g : x = (zz, . . .  ,xg), Ixil <_ lfor all i} 

in euclidean space R g. Fg is referred to as the moduli group on the torus of 

totally degenerate, symmetric g x g matrices. 

Let rg be the subgroup of Fg of all automorphisms which permute the set 

{ez,...  ,eg} for all i. Let F ° be the subgroup of F 0 of all automorphisms which 

permute the set {ei ,-ei} for all i. Then FOg is a normal subgroup of r ,  and r/r  
is canonically isomorphic to Pg. r~ is the semidirect product of r ° with F~. 
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Let ei : N ----* N be tha t  au tomorphism for which 

f e i : j ¢ i, 
~i(ej) 

- e i  : j = i. 

Then  F ° is generated by q , . . .  ,eg and F ° --- (Z /2g)g  

I'~ acts canonically on N~. If e i e j  is the symmetr ic  product  of ei with e j ,  then  

for any 7 E F 9. 

r~ also acts canonically on the group ring Z[q, Y;]. If m • g ; ,  then  7"  qm = 

q-y(m) and 7"  f = ~ X m ( f ) "  q~(m) for f • Z[q,N;] .  

F 9 acts on Qg canonically f rom right. If v = (vii) is a k-valued point  of Q~, 

and if 7 • Fg, then v "7  = w = (wij) with w~ 1 = v.y(0.~( D where 7(i)  = I if 

7 ( e i )  = et. 

If el • F °, then  v .  el = w with 

~ v ~  1 : i = l  or j = l  

w i i  = ~ v i i  : otherwise 

for i ~ j .  Then  (Tf ) (v )  = f (vT)  for any f • g[q, N~] and any k-valued point  v 

of Q~. 

4. In this section we take g = 3. Let 

= qz2qzsq23 - qz2qz3 -- qz2q23 -- qzaq23 q- qz2 + qzs 4- q23 --  1. 

Let H ~ := qz2qzaq23 + q12 + qza 4- q23. Let 

G ~ := q12(qz3 - 1)2(q23 - 1) 2 + q13(q12 - 1)2(q23 - 1) 2 + qz3(q12 - 1)2(qla - 1) 2 

and F I := A ' H  I + G'. 

If M is any F3-orbi t  in N] we denote by SM the I '3- invariant funct ion given 

by S M  := ~ . m e M q  m. 

Let W ~ be the unit  cube in Q ® N~, i.e. 

i<j 
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LEMMA 1.4.1: W ~ n N~ consist of the fo1Iowing P3--orblts: To = {0},T1 = 

r3~12, T~ = rs(~l~ + ~1~), T~ = r ~ ,  T~ = r s ( - ~ )  ~here ~ := ~12 + ~13 + ~ .  

We leave the proof to the reader. 

Let Si := ST~ Then 

S0 := 1, 

S l  = q12 "~- q13 "~- q23 ~- q~21 "~ q~31 "~- q~31, 

-1 -1 --1 -1 --1 --1 
$3 = q12q13q23 H- q12 q13 q23 + q12 q13q23 + q12q13 q23 • 

PROPOSITION 1.4.2: 

(i) conv(q-°F t) is She tetr~edron T spanned by 

T 3 = { e , - e 1 2  - e13 ~- e23 , --~12 ~- e l3  - -  e23,  e12 - -  ~13 - -  e23} 

which consists of the "even" corners of W'. T1 consists of the centers of 

the edges of T while To is the center of T. 

(ii) q- 'F '  = SB - 2S1 + 8S0 and q-~F' is Ps-invariant 

Proof: If m = 2e12 + 2els + e2s one finds that  xm(G ' )  = 1 and xm(A'H' )  = - 1  

and thus X ~ - e ( q - e F  ') = 0. Also X2,(G') = 0 and X2, (A 'H ' )  = 1 and thus 

xe(q-'F') = I. 

If m = 2e12 + els + e23 one finds that  xm(G') = - 4  and xm(A'H' )  = 2 and 

thus 

X~,2(q-~F ') = -2.  

Also X~(G') -- 3 . 4  and x e ( A ' H ' )  = - 4  and thus xo(q-eF ') = 8. Furthermore 

x0(G')  = x 0 ( A ' H  ' )  = 0 and thus X_e(q-eF ') = O. This proves (i) and (ii). 

Let k be a field of characteristic p. 

PROPOSITION 1.4.3: / f p  = 2, then 1 @ F ~ = (q12qlsq23 + q12 + q13 + q23) 2 /n 

k ® Z[N~]. I fp  # 2, then 1 ® F' is irreducible. F'  is irreducible in Z[N]]. 

This is achieved by simple computations. Also we note that  F t vanishes at the 

matr ix  

7 =  0 1 
1 0 
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because SM(r/) ---- ~M and ~Ts = 4, ~T1 = 6, ~To = 1 and therefore 

F'0?) = ~Ts - 2tT1 + S = 0. 

The polynomial H '  can be expressed as a theta function, in fact: 

H '  = q~202 ( . . . . .  ~ 
q'2 q13, q2a 

\ q12 q12 ] 

where 02(q,x)  = 1 - xl - x2 + q12xlx2 and where 

5. In this section we take g = 4. Let 

A :--_ 

Let 

Let 

Isr. J. Math. 

II (q~-l)=(q,2-1)(q13-1)(q23-1).(q,,-1)(q2,-1)(q~,-1). 
1~i<j~4 

tt:=q12qlaq14q2aq24qa4q12q14q24--qlaq14qa4--q2aq24qa4 

--q12qlaq2a+q=aq14+qlaq2a+q12qa4. 

G :=q12qs4(qla - I)2(q14 - l)2(q2a - I)2(q24 - I) 2 

+ q l a q 2 4 ( q 1 2  - -  1)2(q14  -- 1)2(q23 -- 1)2(q34 -- 1) 2 

+ q14q2a(q12  - 1 ) 2 ( q l a  - 1)2(q2a - 1)=(qa4 - 1)  2 

~ d F : = A H - G .  

PROPOSITION1.5.1: 

Proofi 

G. If 

q-e &H, q-eG and q-" F are P4-invariant where 

e :=  Z eij = el~ + e l s  + e14 + e~s + e~4 + es4. 
i<i 

If V E F4 is a permutation of el ,e2,es,e4,  then 7A = A, v H  __ H, ~,G = 

ei : i > 1, 

--el : i = 1, 
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then 

One concludes that 

1 
el A = _ (--1) ql2ql3ql 4 " A, 

1 
elH = _ _(-1)q12q13q14 • H, 

1 
e l G = , 2 ~ 2 , , 2  "G" 

~f12'~13~/14 

el q -*AH = q-eAH, 

elq-*G = q-*G. 

As 7e17 -1 = ei for some 7 E Fg we are through with the proof. 

One can express H as a theta function. If 

O 3 ( q , z )  = 1 --  X 1 -- X 2 --  X3 + q l2XlX2  + q l3XlX3  + q23x2Z3 -- q12q13q23XlZ2X3, 

one gets: 

where 

H=_(q12q13q23)O3(q,2, xl , x2 , x3 ) 
q12q13 q12q23 q13q23 

l 0 q12 qqi3 ) q' = q12 0 3 , q'2 := (q~j) 
q13 q23 

and Xi = q4i. 

Denote by f[q,,=-x the function obtained from f E Z[N~] by substituting ( -1)  

for q14,q24 and q34. Then 

Alq,,=_l = ( - 1 ) .  2aA ', 

Hlq, ,=-i  = ( -2 )H ' ,  

Glq,,=-i = (-1)24G ', 

FIq,,=-i = 2 4. F ' .  

PROPOSITION 1.5.2: F is irreducible in Z[N~]. 

Proof'. Assume that F is reducible in Z[N~]. As X2e(F) = 1, F is primitive and 

thus each prime factor of F is also primitive. 

There must exist a prime factor f of F such that f]qi~=-I = 2r" F ' ,  0 < r < 4. 

But then ht,,~ f = 2 for all i < j which shows that f = +qmF. 
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2. P e r i o d s  o f  To ta l ly  D e g e n e r a t e  C u r v e s  

1. Let C be a stable totally degenerate curve of genus g > 2 over a field k. 

One can find stable, 2g-marked trees of projective lines X = (C, a, b) such that 

C = C mod a = b where a = ( a l , . . . , a g ) ,  b = (b , , . . . ,bg)  are g-tupels of k-  

rational points on C, see [GHP], [G]. There is a canonical base Wl,...,c0g of 

differentials of first kind on C such that resa~wi = +1, resb~wi = - 1 ,  wi without 

poles on C - [hi, bi], where [hi, bi] denote the set of double points in C between 

ai and hi, see [G], §1 also [H], Chap IV, §1, Exerc. 1.9, p. 298. 

Let 

E x  := {u = (us , . . .  ,Ug), ui rational function on C such that - -  
d u i  

= Wi} .  
l t i  

Let per u be the g x g matrix 7/= (~Tij) such that 

ui(aJ) for i ~ j ,  rli i = O. ~ i j -  ui(b~) 

Let G(C) be the intersection graph of C. 

Definition: G(C) is simple, if two simple closed unoriented paths 7, 7' in G(C), 

7 ¢ 7 I, have no common edge. 

PROPOSITION 2.1.1: Assume that G(C) is simple. Then the following holds: 

(i) For any u E E x  the matrix per u is symmetric and its entries outside the 

diagonal are in k*. 

(ii) per u = per u I for any u, u I E E x  

Proof." Let i 5~ j .  There is a unique component Y of X such that rry(aj) 

7ry(ai), rcv(ai) ~ lrv(bi) where ~rv denotes the projection from X onto Y. As 

the interval from ai to bi in X has no common double point with the interval 

from aj to hi, also roy(hi) ~ 7ry(ai),Try(bi) 7 £ Try(hi). Then ui(aj)/ui(bj)  is the 

cross-ratio of the points ~rv(ai), rv(bi),  zcv(bi), ~rv(ai) which is an element in 

k*. This shows (i) and (ii). 

Definition: per X := per u for u E E x  if G(C) is simple, per X is called the 

period matr ix of X; it is a k-valued point of Qg. 

2. Let B2g be the fine moduli scheme of stable 2g-marked trees of projective 

interval, see [GHP]. Let Big be the open subscheme of B2g which consists of 

the simple 2g-marked trees which shall mean that the graph obtained from the 
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tree by adding edges between ai and bi is simple. B~g is open because it is the 

complement of the union of all hypersurfaces {Ai,g+i,g+/,d -- 0} where )h, de- 

notes the canonical variable associated to the quadruple v -- (vl, ~'2, va, v4), vi E 

{1 , . . . ,  2g} on B2g, see [GHP], §1. 

There is a morphism perg : B~g ~ Qg with the following property: if X is 

a k-valued point of Big , it is a stable 2g-marked tree of projective lines, then 

per,(X) = perX e QAk). 

PROPOSITION 2.2.1: perg(B~g) is a Zariski-closed subscheme of Qg and perg is 

proper. 

Proo~ Let M := {(i , j)  : 1 _< i < j _< g}. One embeds Qg into the M-fold 

product IP M by means of the variables qii, i < j. Then IP M is a torus embedding 

of Qg The morphism perg can be extended to a morphism pe"'rg : B2g ~ ]pM 

sending a point X in B2g onto the matrix 77 = (Tlii), r]ii := Ai,_i,_i,/(X). 

Thus ~'~rg(B~g) is a closed subscheme of ]pM as B~g is a projective scheme 

over Z. One can easily check that a point of ~'~rg(B2g) is in Qg c_ lP M if and 

only if X is a simple 2g-marked tree. 

Thus p"~rg(B2g) N Qg = perg(B~g). 

Definition: Pg := perg(B~g). It is called the scheme of period matrices of totally 

degenerate curves with simple intersection graph. 

The question to characterize Pg within Qg is the analogue of the Schottky 

problem for totally degenerate curves, see e.g. IF], [MF], appendix to Chap. 7. 

It is hoped that a characterization of Pg will shed some light on the Schottky 

problem. 

Of course Pg = Qg for g _< 3. But P4 is a hypersurface in Q4 

3. I'g acts on B2g from the right. If X = (Y, a, b) is a k-valued point of B2g, 7 E 

rg,  then X7  = (Y,a'r,b ~) and a~,b "y are defined as follows: if 7(ei) = ei, then 

a7 := ai and b7 := bi, and if 7(ei) = - e j ,  then a7 := bj and b7 := aj. 

Fg acts also on the open subscheme B*2g and the period map perg : B~g ~ Qg 

is Fg-equivariant. 

Let 
ej : j ¢ i ,  

= ale2 . . . .  ' e g ,  e i ( e j )  : =  
- e i  : j = i. 
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Then e acts trivially on Qo while it acts non-trivially on B~' a if g _> 3. Thus per 9 

induces a morphism per 9 from the quotient B~g/< e > into Q0 which is called 

the r e d u c e d  p e r i o d  map .  

Let X = (Y, a, b) be a 2g-marked, stable tree of projective lines. Let C(X) = 
Y rood a = b be the stable curve obtained from Y by identifying ai with bi for all 

i. Then C(X) is a stable curve of genus g which is called the c u r v e  a s soc i a t ed  

to  X. 

There is a reduced scheme D 0 which is the categorial quotient of Bu0 modulo 

the equivalence relation: X ,,, X '  iff C(X) is isomorphic to C(X'). 
D 0 is the coarse reduced moduli scheme of totally degenerate stable curves of 

genus g. There is a surjective morphism ~r : B29/F~ ~ Dg. The fiber of ~" over 

a curve C E Dg(k) is parametrized by the maximal subtrees of the graph G(C) 
of C. 

By considerations as in the proof of Proposition (2.1.1), one can show: 

PROPOSITION 2.3.1: perg induces a morphism torg : Dg ~ Qg/Fg which is 
called the Torelli map/ 'or  tota/ly degenerate, stable curves of genus g. 

The scheme Qg/Fg is the analogue to the moduli space of principally polarized 

abelian varieties of genus g. 

4. Let v C {1 ,2 , . . .  ,2g},~v >_ 2 ,  and B2g(v) the closed subscheme of B2~ which 

contains all the 2g-marked trees of projective lines with two components Xz, X2 

such that ai E X1 for all i E u while ai E X2 for all i ~ u. Here ai : -  bi_~ if i >__ 

g + l .  

Then an open subscheme of B2g(u) is in B~' 0 iff one of the following cases 

o c c u r s :  

(i) there is a subset C such that = { g + i :  i E V} ,  

(ii) there is a subset v' C {1 , . . . , g}  and an element k E {1, . . .  ,2g} - v',k ¢ 
u ' , k - g C v ' s u c h t h a t  v = v ' U { g + i : i E v ' } U { k } .  
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If  u '  = { 1 , . . . ,  r},  then  in case (i) the generic 2 g - m a r k e d  curve looks as follows: 

bl ag ~,~ 

~ "br+l 

I f  v '  = { 1 , . . . ,  r}, k = r + 1, then  in case (ii) the  generic 2g-marked curve 

looks as follows: 

. . .~  bl ag 
al'7"-. br 

PROPOSITION 2.4.1:  Let X be a k -va lued  point  o f  B2g(u) Cl Big and assume 

that ~, is of  type  (i). Then i f  r / =  p e r X  one has  

T/ij = I 

i f i  E v ' ,  j E { 1 , . . . , g }  - v ' .  IT X has two components and iT g > 3, the fiber of  

the period m a p  perg over X is 1-dimensional if  r or g - r is equal  to 2. Other~se  

dim p e r ~ ' l ( x )  = 2. 

Remark: If  g'  = {1 , . . .  , r}  then  per  X is of  the block form 

7' is a r x r mat r ix ,  7" is a (g - r)  x ( g -  r)  mat r ix .  

PROPOSITION 2.4.2: Let X be a k-valued point of B2a(v) f'l B~a and assume  

that v is of  type (ii). 

For r I = p e r X  one has 

i f i  e v', j e (1, . . . ,g} -  (u'U {k}). 

77i j = 1 
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Remark: If ~,' = {1 . . . .  , r},  k = r + 1, then perX has the form 

where the 1 in the upper half denotes a r × (g - r - 1) matrix. The proofs of 

(2.4.1) and (2.4.2) are left to the reader. 

5. Let r~hYP be the closed subscheme of B2a of fixed points of the automorphism 

on B2~ given by the action of e = el ~2"'" eg on B2a. 

A k-valued point X of B2o belongs to B2h~ p iff there is an automorphism a x  of 

the tree of projective lines underlying X which maps ai to bl and bi to ai for all 

/. Then a x  o a x  = id and a x  is uniquely determined by X. If X is irreducible, 

X = (IPx x k, a, b) and if z is global coordinate on ]P1 x k such that  

z(a ) = z(b ) = = O, Yl  = oo  

RhYP~ iff x iy i  = x j y j  for all i , j  > 2 a n d  a x  is then X is hyperelliptic (i.e. X E ~2~ J 

the involution z ~ ~ 1 /  z. 

Proo f :  Let X "  = (IP1 × k,  a ' , b ' ) .  If z(a~) = z~, z(b~) = y[, x'~ = 0, y~ = oo, 

then x~ = 1 / y i ,  y[ = 1 / x i .  Thus X '  is isomorphic to X iff there is A E k* such 

that  (Axe, Ay[) = ( x ~ , y i )  for all i _ 2. This is the case i f fx~y~ = A for all i _> 2. 

I 

Let pghyp := perg(B2hgyp N B~'g). It is a closed subseheme of Qg" While P2 hyp = 

Qz, already Ps hyp is a hypersurface in Qs. 

6. Let X = (IPI x k, a, b) be a 2g-marked, stable projective line over a field 

k. Introduce a global coordinate z on ]P1 x k such that z ( a l )  = O, z ( b l )  = 

~ ,  z(a2) = 1 and put xi  := z(ai), yi = z(bi) e k for i > 2. Then peraX is the 

g x g matrix v = ( v i i )  such that 

x i  
vii = - -  for i > 2, 

Yi 

x, -~j ,  _ (xi - x j ) ( y i  - YJ) for 2 < i < j <_ g. 

x yl  - -Y i  / 
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Let 

Then 

LEMMA 2 .6 .1 :  

xi  :~J t i t : = - - + - -  for 2 < i < j < g. 
Yt Yi 

xi x j  
t i j  = V l j - -  + V i i - - .  

x j  z i  

For2 < i < j <_ g one has 

Proof: 

(vlivlj  + 1)vii - ( V l i  +Vl t )  
t~  = (vi t - 1) 

(ziVi + zj~j)  - (xi~t + xty/) 
v~t = ( z~v i  + x t v t )  - (x~zt + v i v t )  

Y.L 3.i_ (,:t + 
~- + 

( ~  + v,) -,(~,v~ :) 
t i j  -- ( V l i +  v U)  

t i t  -- (VliVlj  + 1) 

which shows the lemma. | 

3. Periods of  Hyperell iptic Curves of  Genus 3 

1. Let X = (]P1 x k, a, b) be a 6-marked, stable, hyperelliptic projective line over 

k. We use the notation of (2.6) to obtain 

z2 z3 1 1 2 

Y3 Y2 Y3 Y3 Y3 

as X3y3 = X2Y2 = Y2. As v12 = l / y2 ,  v13 = x3/y3 = y2/y  2 one  ge ts  

4VI2V13 = t223. 

As 

one has the equation 

~23 = 
(vX2VlZ+l)v2a - (V12"{-V13) 

(v2a - 1) 

4v:2v13(v23  - 1) 2 = A 2 

with 
A=(v12v13+l )v23  - (v12+v13)  

= ( v 1 2 v 1 3 + l ) ( v 2 3  - : ) + ( v 1 2  - 1 ) ( v l ~  - 1 ) .  
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Let  a = (v12 - 1)(v,s - 1)(v23 - 1). Then  

(v2a - 1) 2. [(v12v13 + 1) 2 - 4v12v13] + 2a(v,2v13 + 1) + (v12 - 1)2(v,3 - 1) 2 = 0. 

One subs t rac t s  

g : =  ~ 2 ( ~  - 1)2(~2~ - 1) 2 + ~23(~,2 - 1)~(~23 - 1) 2 + ~23(~,2 - 1)2(~1~ - 1) 2 

on b o t h  sides to get 

C-g) ---- (v23 - 1)2B + 2a(v12v,3 + I) + (v,2 - I)2(v13 - 1) 2 - v23(v,2 - I)2(v13 - 1) 2 

with 

B = (v~2Vl~  + 1)  ~ - 4 v ~ 2 v 1 3  - v12 (v13  - 112 - v~3 (v12  - 1 ) ,  

B = (I)12v13 - 1) 2 - ('t)13 - 1) 2 - (v,2 - 1)(v,3 - 1) 2 - v,a(v,2 - 1) 2, 

B - -  2 2 ,,13(,~,~ - 1 )  - 2 ' ,13 ( '~12  - 1 )  - ( v 1 2  - 1 ) [ 0 ) 1 3  - 1 )  2 + " 1 3 0 ~ 1 2  - 1 ) ] ,  

B = (v12 - 1 ) .  B ' ,  

e '  = , , ~ ( , , ~  + 1) - 2 , ,~  - [(~,~ - I )  ~ + ~,~(,~1~ - I)1, 

B '  = , ,~,, ,~ - ,,,~,12 + ,~,~ - I = (,,,~ - I ) ( , , i~ , , , ,  + 1). 

Thus  

( - g )  = ( ,~3 - 1 ) . ~ .  (~12,13 + 1) + 2~(~12 ,13  + 1) - ~ .  (~12 - 1 ) ( ~ 3  - 1),  

( - 9 )  = ~ ( , ~ 2 ~ , ~ 2 ~  + ,23 + ~12 + ~,~). 

This  proves if F '  is the function of (1.4). 

PROPOSITION 3.1.1:  F'(v)  = O. 

COROLLARY: phyp is the dosed subscheme of Q3 given by the equation F'  = O. 

P~oo~: vhyp is a closed subscheme of codim i in Q3. F '  is contained in the ideal 

I of  O(Q3) = Z[N~] of funct ions vanishing on P~YP. As F '  is i rreducible and  the  

height of I is 1 we get I = F ' .  7/,[N~]. | 

2. Let X = (Y, a, b) be  a 6 -marked ,  stable tree of project ive  lines consisting 

of two components  ]I1, Y2 and assume tha t  ai E Y1, bi E }"2 for all i. Then  the  

curve C ( X )  associated to X is the union of two project ive lines. 
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X is hyperel l ipt ie  if there is an i somorphism a : Y1 ~ Y2 such tha t  

a(Y~ n Y2) = Y~ n Y2, a(a , )  = bi for all i .  

Let zi be  a global coordinate  on ~ such tha t  a'z2 = zl and z/•  (I'1 N II2) = oo. 

Then  xi := z l (ai)  = z2(bi) =: yi. 

Let u = (ul ,  u2, ua) • E ~ " ( k )  := {u • E x ( k ) :  per  u is symmet r i c  }, see [G], 

§1. Then  v := per  u is a total ly  degenerate,  symmet r i c  ma t r ix  over k and  

for some t E k*. 

Let 

F~2) = q~2 + q2a + q2a - 2q,2q, a - 2qi2q23 - 2q,3q23 

be the  homogeneous  pa r t  of F '  of degree 2 relative to qij. 

PROPOSITION 3.2.1:  F~2)(v ) = 0 

Proof:  Wi thou t  loss of general i ty one may  assume tha t  z l  = 0, z2 = 1, t = 1. 

Then  v12 = 1, v]3 = x32, v2a = (x3 - 1) 2. Then  

,,~ + , , ~  + ,,h = i + ~ + (z~ - ~ ]  + o~] - 4 ~  + I)  

and 
,,~,,,,~ + ,,1=,,=, + ,,,~,,=, = . ]  + ( ~  - I )"  + . ] ( .~  - I ?  

= ~] + ~] - 2 . ,  + I + .~ - 2.1 + ~ 

= i + . I  - 2~I + a ~  

1 2 
= ~(,,,~ +, , ,~ + , , h ) .  " 

Let r/ : N~ ) Z be the linear m a p  which sends m = ml2ele2  + m l s e l e s  + 

m23e2e3 onto m12 + ml3 + m2z. Then  c o n v ( F ' )  N {y E R ® N~ : T/(y) = 2} is a 

2-d imensional  face of conv(F ' ) .  Then  the leading t e rm ~ ( _ , ) ( F ' )  of  F '  relat ive 

to ( - ~ / ) i s  equal to F~2 ). It is E,7(m)=2X,,,(F' ) • am 

3. Let M be  a free Z - m o d u l e  of finite rank n. Let  T be a po lyhedron  in R @ M 

whose vertices are in Q ® M. This  means  tha t  T is the convex hull of a finite set 

of points  in Q ® M. 

T defines a ra t ional  finite polyhedral  cone decomposi t ion  ~ T  of R @ M where  

,M" is the dual  Z - m o d u l e  of M as follows: 
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Let t be a vertex of T and ~t := {~7 e R ®/~/ : r/(x) _> r/(t) for all x e T}. 

Then a~ is an n-dimensional rational polyhedral cone in R ® A;/and there is a 

unique polyhedral cone decomposition ET of R ® M whose n-dimensional cones 

are the system {at : t vertex of T}. 

Let now M = N~ and ~ = ~conv(F,)" Then the torus embedding Qg of 

Qs induced by ~ allows a 2 : 1 covering a onto IP3. One can show that the 

period map per 3 : Be hyp n B~ ~ Q3 can be extended uniquely to an extended 

period m a p p e r  3 : B hyp • , Q~,. The image ofo~o per s inIP3 seems to b e a  

hypersurface of ]Ps of degree 4. 

4. P e r i o d s  o f  To ta l ly  D e g e n e r a t e  C u r v e s  of  G e n u s  4 

1. Let X = (]P1 × k, a, b) be a 8-marked, stable projective line over k. We use 

the notation of (2.6). Thus v = ( v i i )  = per4X and 

til = z~  + z_A 
Yj Yl 

f o r 2 < i  < j .  

PROPOSITION 4.1.1: 

t23t24t34 + 4V12V13V14 = u12ti4 + U13~24 "~ u141~23 • 

Proof." One has 

1 
~23 = V 1 3 - -  "q- "/)122:3 

2:3 

1 
~24 -~" V I 4 - -  ~- "U12X4~ 

X4 
X3 X4 

"~34 -~- V 1 4 ~  ~ V I 3 - - ~  
X4 X3 

and thus 

as x2 = 1, 

1 X4 X 3 
~23~24 = U13•14 '" " ~ V 1 2 V 1 3 - -  "~ U12V14--  "~-l)122X3X4~ 

T,3 X4 X3 X4 

x2 2 1 x 2 
2 1 v 2 ~ 2 2 v v 2 4 

t23~24t34 ---= 1"~13V14 _-- ~" "~-V12V13V14 -~ 127)14 "~ VI2Vl4X3 "~ V13V14~" ~ "~- 12 13 _"~"2" 
X4 2 x~ xs x~ 

- -  2 V X 2 "Jc ~212V131214 t •12 13 4~ 

while 
X 2 X 2 

V 2 3 - -  "4- V12V13 ~'ff + 2V12V13V14. 
zi  X 3 
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Thus  

But  also 

PERIODS OF TOTALLY DEGENERATE CURVES 

1 1 2 2 2 2 
V12~)13X 4- 

2 1 
= -I- Vl2VI4X 3 + 2V1273131)14~ V14~23 V13V14 ~22 2 2 

2 1 
= "JI- ~)12'013X4 -~- 2V12VlaV14,  V13t14 ~)13 ~)14 ~.~ 2 2 

f rom which follows 

t~3t.t3, - v,2th = v . t h  + v . t h  - 4 v , ~ , ~ V l , .  

203 

Let sij := (vii - 1)tq and/~ := (v23 - 1)(v24 - 1)(v34 - 1); the equat ion above 

then takes the form 

~ "  .-q23324S34 + 4/U2V12VlZV14 ---- 7312(7323 -- 1)2(I)24 -- 1)2S~4 

+ ~ , ~ ( , ~  - 1)~(~4 - 1 )~ , ] ,  

+ v14(v24 - 1)2(va4 - 1)2s]3. 

Let Sij := (qliqlj  + 1)qo - (q]i + qlj) E O(Q4) = Z[N~] for 2 < i < j < 4 and 

M := (q2s - 1)(q24 - 1)(qs4 - 1). Let 

A := M .  S2s" S24" Ss4, 

B23 : =  q l , ( q 2 ,  - 1 ) 2 ( q ~  - 1 )2S~3,  

B24 := q13(q23 - 1)2(q34 - 1)2S~4, 

C := 4q12q13q14M 2, 

B := B23 -I- B24 q- B34, 

_ g ' : = A + C - B .  

COROLLARY 4.1.2:  -~ vanishes on P4 C Q4. 

Proof." Let B~ rr be the open subscheme of Bs consisting of the 8 -marked  stable 

project ive lines. Then  Bis rr is contained and dense in B~. If X is a point  in 

B~ rr, then _P(per4X ) = 0 as q0(per4X)  = vii. As per4(Bis rr) is dense in P4, the 

s ta tement  follows. 
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2. Let ~Tij : N~ Z, i  < j ,  be the linear form which sends eke~, k < l, onto 

1 : i=k,  j= l ,  
0 : otherwise. 

Let 

ITV:={yER®N~:O<rlij(y)<2, E rlij(y)>_ 3} and e = E eij• 
1<i<1<4 x<_i<j<4 

PROPOSITION 4.2.1: 
suppF C I/~ r, 

= 1.  

Proof: 
(1) suppA ¢ W, suppBij C I~¢ ", suppC C W and thus supp(A + C - B) C_ W. 

(2) X2,(A) = 1, X2,(Bii) = X2,(C) = 0 and thus 

X2,(~') = X2e(A) + X2,(C) - X2,(B) = 1. | 

PROPOSITION 4.2.2: F is irreducible in 0(04) and generates the ideal in 0(04) 
of functions vanishing on P4. 

Proof: 

(1) Let I be the ideal in O(Q4) of functions vanishing on P4. As P4 is irreducible 

of codim 1 in Q4, the ideal I is a prime ideal of height 1 and is thus a principal 

ideal: I = f-O(Q4), f E O(Q4). F E I and thus ~" generates I i f F  is irreducible. 

(2) Assume that 1 f" is reducible. Let 

N + : = { m E N ~ : ~ i i ( m ) > 0 }  and a : = { h E Z [ N ~ ] : s u p p h _ C N + } .  

Then R is the ring of polynomials in the variables qij. 

ff F t is reducible in Z[N~], it is also reducible in R and we may choose a 

generator f of I in R. 

Then there is ij such that deg,0 f = 1. As I is F4-invariant we may assume 

that ij = 34. 

Let M be the submodule of N~ generated by ele2, ele3, ele4, e2e3, e2e4. 

There is a canonical projection p : Q4 } SpecZ[M] induced by the inclusion 

M C N~. In Lemma (5.2.2) it is shown that p gives generically a 2 : 1 map 

P4 } SpecZ[M]. This is a contradiction to the fact that deg~8,f = 1. 

Thus -~ is irreducible. II 
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3. Let F be the function defined in (1.5). 

PROPOSITION 4 . 3 . 1 :  F = F. 

Proof: 
(1) Let ~']q2s=l be the function obtained from 2 b by substituting 1 for q2s. 

We claim: 

Plq,s=l = -q]4(q24 - 1)2(q34 - 1)2(q,2 - 1)2(q13 - 1) 2. 

This is true as CIq~=l = O, B241q2s=l = O, B341q2s=l = O, Alq~s=l = 0 and 

B2slq.=a = q14(q24 - 1)2(qs4 - 1) 2. S231q,s=l and 

,-'¢2s = ( (q23--1)+ l )( q12q13"+'1)--( q12 +q13 ) = ( q23--1)(q12q13-t-1)-I'( q12--1)( q13--1) 

and $23lq,3=1 = (q12 - 1)(q13 - 1). It follows that FIq,3=l = -GIq,~=I,G as in 

(1.5). 
(2) Let V be the closed subscheme of Q4 given by the equation 

• w ' - ' l r  _ 

A = 0, A : =  H(q'~- 1).  
~<j 

Then (F  + G)[V =- O. 

This is true because (F  + G)lq,j=] =_ 0 for all i , j  as F , G  are invariant under 

the action of the permutation group r'4. It follows that P + G = A .  H for some 

/~ • Z[N~]. 

(3) H generates a F4-invariant ideal of O(Q4) and for any m • supp H one 

has rlij(m ) • {0,1}. Thus 

/~ = )CO q- flql4 + f2q24 ~- f3q34 -[" f12q14q24 q- flsq14q34 q- f23q24q34 q- f123q14q24q34 

with fv E Z[q12,qls,q23]. 
If/t(1/q14,1/q24,1/qs4) denotes the function obtained from H by replacing 

qi4 by q~] we get 

- I l ) = (_ql,q2,q3,) -I. 

H (q  4 ' q24 ' q34 

from which one gets fo = -f123, f l  = - /23,  f2 = - f ]3 ,  f3 = -f12- As 

fl2s = q12q13q23 and suppAH C W one gets H = H. ] 
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5. Curves  of  Genus  > 5 

1. Let g _> 4 and u = (vl,u2,v3,v4) be a quadruple of distinct indices in ~ = 

{1, . . .  ,g}. Then v determines a Z-  linear map v ' :  N~ ~ N~ which maps ei.e i of 

N~ onto e~, e~ in N~. Then v' induces a ring homomorphism u ' :  Z[N~] , Z[N~] 

and a morphism Qg ~ Q4 which will be denoted by gQ. One has the property: 

for any v. 

Let F .  := u'(F) E Z[N~] = O(Qg). ThenF~IPg - O f o r a n y  v. Let Q~ = 

Qg - {Ag = 0} where 

/'g := 1-[ (:- qii). 
l < i < i < g  

A k-valued point v - (vii) of Qg belongs to Q; if and only if vi i ¢ 1 for all i < j .  

Let I be the ideal in (.9(Q;) generated by {F~ : all v}. 

PROPOSITION 5.1.1: The set of zeroes of I in Q*g coincides with Q*g fq Pg. 

The proof will be given in (5.3) below. 

2. Denote by Bi2rg r the open subscheme of B~g consisting of those trees of projec- 

tive lines with only one component. 

PROPOSITION 5.2.1: Let X , X  ~ be k-valued points of B ~  such that per X = 

p e r X  I. Then e i the rX I = X o r X  t = X  ~, e : = e l . . . . - e g .  

The proof will be given at the end of section (5.2) below. 

Let X = (lP: x k, a, b), X'  = (lP~ x k, a', b') and let z be a global coordinate 

' ' = z(b~). We can choose on IP1 x k such that xi = z(ai), Yi = z ( v i ) ,  z i  = z(a~),Yi 

z such that z:  = x~ = O, y: = y~ = oo, z2 = z~ = 1. Then X is isomorphic to 

X '  iff z / =  x~, y / =  y~ for all i. 

L e t v = p e r X ,  v ~ = p e r X  ~. 

LEMMA 5.2.2: Assume that 

for all i. 

Vli -~ V~ D 

Then Y2 = y~ and/or  all i >_ 3 one gets: 
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Or 

P r o o ~  

t 1)1i 1 ~ Vl i  1 
x i - a n d  Yi - • 

1)12 Xi 1)12 Yi 

' for i > 2, there is hi E k* such that  If  v i i  = 1)zi 

! I 
X i = ~iXi ,  Y i '=  ~iYi  

= x l /  I because v~i i /Y i  a n d  vzi  = x i / y i .  Let 

t i j  x i X j  
y j  yi 

as in (2.6). Then  

I t 

t~ij x i x j  = _ . - 7 + - -  7 - 
Yj Yi 

(VziVl j  + 1)vii - (vii JI- 1)l j )  
t i j  = (v i i  - 1) 

and similarly for t~j. Thus  one gets t2i = t~ i for all i _> 3 from v2i = v~ i, vii = v~i. 

Now 
t i j  z i  x j  = " - -  + 1)1i ~ v13 x j  x i  

t~ij x ~. x (  
x j  x i 

1 ) l j ~  . ,~ jX j  -~" + 1)lz ~ , 

v i i  1 Y2 
~ i = 1  or h i - - - -  ~ o 

1)12 X i XiYi  

I ! Thus  x i = x i  and Yi = Yi or 

t v i i  1 
X i - -  

1)12 X i  

and 

x i  • Y2 1 Y2 

y ix2  x i  Yi 

, v l / 1  y2 
Yi = ?)12 9 ~ " Yi = - - .  

Xi 

and one gets for all i > 2: 

xi A2 x2 hi xi 
1)1i X i  X2 

As x2 = x~ one gets f rom v12 = v~2 tha t  y2 = y~ and ~2 = 1. Thus  for i > 3: 

1 1 
V l i - -  + V l 2 X i  " - -  "t- 1)12 ~ i x i .  

Xi "= 1)ls )~iXi 

Solving this quadrat ic  equation for )q gives two solutions: 
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R e m a r k :  

are fulfilled. 

LEldMA 5.2.3: 

L. GERRITZEN Isr. J. Math. 

I f X  is hyperelliptic, then X = X I whenever the assumptions of (5.2.2) 

Assume t ha t  v i i  = v~i, v2i = IJt2i, ~33i = 7)Li for all i. /a e 

X ' # X  and X ' # X '  

t h e n  xay3 = Y2. 

Proof:  

(1) vsi  = v~i iff t3i = t~i and  

X3 Xi 

Xi X3 
x ~ x~ 

t~i=Vli_-~lTVl3--~ '~ ,  
x i x 3 

t .~...33Z...33 + hiXi 
t3i = v l ,  hi Zi ~3z'--l~" 

The equality t3i = t~i is a quadratic equation for ~i/~3 which has the solutions 

hi  v i i  • x~ x3y 3 hi = 1  or = 
h3 h3 V13" X~ xiy  i " 

(2) Let X"  = X ~. Then X"  is isomorphic to 

" 0, yi' = ° %  , , = y 2  ,, y2 (~'1 × k, a", b"), z(ai') = z(b',') = yT, ~, = ~i ~ '  Y~ = -x~ 

As per X "  = per X one gets pi G k* such that 

II Y2 
Xi = # i X i  = ~ i - - ,  

Yi 

xi 

Thus/~i = z iYi /y2  for all i >_ 3 and 

I 
z i = h i x i = h i ~ i x ~ .  

I t  I ' t hen  hi  = y 2 / x i y i  and  h i l ~ i  = 1, thus x i = z i .  If zi ¢ x i, 
, 

(3) Let z~ = xa. Then there is i > 3 such that x i ¢ z i .  Then 

hi - -  Y2 _ x3Y3 
x i y i  x i y i  
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and thus y2 = z3y3 

" ' Then z~ " (4) If x~ # x3 there is an index i > 3 such that  z i # x i. = x~, x i # xi. 

As in (3) thus y~' = " " y~' = " " x3y 3. As Y2, x3Y3 = y~/z3y3 one also gets x 3 y 3  = Y2. 

Proof of  Proposition (5.2.1): Assume that X # X ' ,  X ( # X ' .  Then apply 

Lemma (5.2.3) to three indices 1, 2 , j  instead of 1, 2, 3. One gets z jy j  = y2 thus 

for all j .  But then X = X ~ and from Lemma (5.2.2) we get that  X '  = X.  | 

Remark: Proposition (5.2.1) is related to a special case of a theorem of Y. 

Namikawa (injectivity of Torelli map),  see IN], Thm. 7. However, he has given a 

proof only for g < 3, see [N], p. 254. 

3. Now we prove Proposition (5.1.1). Let v E Qg(k),F~(v) = 0 for all v. Let v'  

(resp. v") be the (g - 1) x (g - 1) matrix obtained from v by deleting the last 

column and the last row of v (resp. the column and row to the index (g - 1)). 

Then v', v" 6 Qg_,(k) and F,,(v') = O, F,,(v") = 0 for all v 

If g = 4 we already know from Section 4 that  v = per X,  X E B~g(k). If 

g >_ 5 we proceed by induction. Thus there are X ' ,  X "  E B~'9_2(k) such that  

per X '  = v' ,  per X "  = v". As v', v" E Qg-l* both X ' ,  X "  are irreducible. Let 

X ' = ( ] P z  x k ,  a ' ,b ' ) ,  X " = ( ] P ,  x k ,  a " ,b" )  

and 

with 

y '  = (m,  x k, Y "  = (m,  x k, 

' a'  fl' .. b' o L ' - - - - ( a l , . . .  , g - 2 ) ,  ---- (b~ , .  , 9 - 2 ) ,  

4" " " " = . ,  a g _ 2 ) ,  ----- (b 1 , . . . ,  bg_2) -  

Now p e r Y '  = p e r Y "  and thus Y'  = Y" or Y'  = (Y")% I f Y '  = (Y")~ we 

replace X "  by (X" )  ~. Thus without loss of generality we can assume Y'  = Y". 

' f o r i <  - 1 ,  ag a" b~:= b~for i  < I f t h e n X : = ( I P 1  x k ,  a,b), a i  :---- a i _ g : =  g - l ,  - -  

" then per X = v. g - 1, bg := bg_l, 

Remark: The set of zeroes in Qg of all F~ seems to be Pg always, but the proof 

is more involved as certain combinatorial problems arise. 

One also can carry out the computat ion of the equations which describe the 

set of period matrices of "totally degenerate P rym varieties", see [B], p. 618. 

This will be done in a forthcoming article. The P rym period matrices in Q5 are 

a hypersurface in Qs. 
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